Abstract. A rarefied gas flow through a channel with arbitrary cross section is studied based on the linearized Bhatnagar-Gross-Krook model. The discrete velocity and streamline diffusion finite element methods are combined to yield a numerical scheme. For this scheme we derive stability and optimal convergence rates in the L 2 -type norms. The optimality is due to the maximal available regularity of the exact solution for the corresponding hyperbolic PDE. The potential of the proposed, combined methods is illustrated with some numerical examples.
models including polyatomic gases with chemical reactions [5] . The discrete velocity scheme is based on replacing the collision integral term by a certain quadrature sum and requires that the resulting discretized equations are valid only at discrete velocities corresponding to the numerical integration nodes. Then, the scheme is further discretized in the spatial variable by, e.g., a consistent finite-difference method. Additional difficulties arise for the domains with curved boundaries in space. In the conventional approach, the discretization in the spatial domain is usually based on regular mesh. This is the cause of the main difficulty when the method is applied to flow domains with irregular boundaries. To deal with such complex geometries it is more adequate to employ some version of the finite element approach which is based on unstructured mesh and can be readily applied to flows in complex spatial configurations. In this regard, e.g., the SD finite element method is a generalized version of the standard Galerkin method for the hyperbolic type problems having both good stability and high accuracy properties. The SD method, used for our purpose in this paper, is obtained by modifying the test function through adding a multiple (roughly, of the order of the mesh parameter) of the convective term involved in the equation. This gives a weighted least square control of the residual of the finite element solution. For a detailed description of the SD method for fluid problems, we refer to the monograph by Hughes and Brooks [13] , and papers [3] , [14] , [15] , and the references therein. We also point out that for transitional and nearly continuum flows, the stability condition of conventional finite-difference methods applied to the kinetic equation in the polar coordinate system results in a small time step which is proportional to the spatial mesh size. As a result the computational cost for determining near-continuum steady-state solutions may be unrealistically high and the results can only be presented for flows with rarefaction parameters up to at most 50 units. However, in the present work, based on finite element approximations, the mass flow rate for the Poiseuille flow in the channel is computed across the whole range of Knudsen numbers from the free-molecular to continuum regimes. To sum up, our objective is twofold:
(i) To construct and analyze numerical schemes for gas flow through a general class of spatial domains, including a wide diversity of channel forms, used in applications. This would require, e.g., a further development of the existing approaches for gas flow in symmetric geometries.
(ii) To develop a numerical scheme that improves stability without sacrificing accuracy and introduce a general approach, adopted to pressure-driven isothermal flows of rarefied gas in long micro channels (Poiseuille flow), and suitable for flows in complex spatial configurations in all regimes (with larger range for δ) of the gas flow including the hydrodynamic, transitional, and free molecular ones.
An outline of this paper is as follows. Section 2 contains notation and preliminaries, where we also introduce the continuous kinetic model that we consider and describe some parameters used throughout the paper. Section 3 is devoted to the construction of some discrete velocity models as reasonable weak approximations for the Boltzmann collision operator. We also propose a scheme for spatial discretization based on the SD approach. Finally, we present some results concerning steady kinetic problems. In our concluding section 4, we justify the theory by implementing some numerical examples.
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operators applying a kinetic model, as the one governed by the BGK equation, that is numerically accessible and yet preserves the main properties of the original equation. Such a model for a steady flow reads as follows (see, e.g., Cercignani [8] ): findf such that
where x = (x, y, z) is the spatial variable and v = (v x , v y , v z ) is the velocity vector. Further
and the gradient is taken with respect to the spatial variable x , ν is the collision frequency, andf M is the local Maxwellian distribution with the same density, velocity, and temperature as a gas having the distribution functionf . The nonlinearity of the collision term is exhibited by the fact that the density, velocity, and temperature parameters all are functions off . The BGK model possesses all the collisional invariants. Let the functions ϕ i , i = 0, . . . , 4, be the collision invariants defined as ϕ 0 = 1, (ϕ 1 , ϕ 2 , ϕ 3 ) = v , and
To derive a linearized version of the BGK equation, we considerf to be defined as
where f 0 is the absolute Maxwellian distribution which, by an appropriate choice of Galilean frame and mass and velocity units, can be assumed to be of the form
and g is a certain function described below. Substituting (2.3) into (2.1), we obtain
where we use the collision relation (2.2) and a weighted scalar product defined by
Further, in (2.5), ν 0 is the collision frequency at equilibrium, which is a constant; ϕ i , i = 0, . . . , 4, are the collision invariants with ϕ 0 = 1, (ϕ 1 , ϕ 2 , ϕ 3 ) = √ 2v , and
2 ), which are normalized using the scalar product (2.6). It can be easily seen that the collision operator, defined by
is symmetric with respect to the inner product (2.6) and satisfies the nonpositivity condition (C(g), g) f0 ≤ 0. Further, we have
The Poiseuille flow, i.e., the flow of a gas through a long channel having a restricted width induced by a density, temperature, or pressure gradient, and likewise the Couette flow, i.e., the flow of a gas between parallel plates induced by moving them with opposite velocities, can be modeled by the linearized BGK equation. For the sake of simplicity, the idea is explained for Poiseuille flows. We may single out the z-dependence and represent the function g in (2.3) by
Now assuming that the flow is isothermal and the velocities normal to the walls are zero, we obtain the following equation for ψ:
Here δ is the so-called rarefaction parameter, which in the present study coincides with the collision frequency ν 0 . Moreover,
and we have also assumed that
These are typical assumptions in fluid dynamics for pressure-driven flows through long channels with small pressure gradient (cf. [18] 
andũ (which remains identical to u in (2.10)) corresponds to (2.11) with two-dimensional velocity and represents the bulk velocity defined as
Hence, we consider the two-dimensional integro-differential equation
associated with the inflow boundary condition
The collision operator is given by
Here, x = (x, y), v = (v x , v y ), Ω is the spatial domain, and n is the outward unit normal to ∂Ω at the point x ∈ ∂Ω. As we mentioned earlier the two-component vectors x and v , are defined in the cross section sheet of the channel. S(v , x ) is an arbitrary source term, which, e.g., for recovery of the Poiseuille flow in the channel is a constant. Finally δ, known as the rarefaction parameter, is an important dimensionless flow quantity which characterizes the rarefaction degree of the gas. The boundary condition represents particles departing from the wall. To proceed, we introduce the weighted scalar product
2 . Then, the collision operator C is symmetric with respect to this inner product. Moreover, Ker C is nontrivial and C is strictly negative on the orthogonal complement of Ker C. As a quantity of practical interest, used later on, we also introduce the dimensionless flow rate
with |Ω| being the area of the cross section and u(x ) the bulk velocity for (2.16), defined by
We set
Throughout the paper C will denote a constant not necessarily the same at each occurrence and independent of all involved parameters and functions, unless otherwise specifically specified. By (·, ·) Q we shall denote the usual L 2 (Q) scalar product and by · Q the corresponding L 2 (Q)-norm. Finally, we use the standard notation for Sobolev spaces together with their norms and seminorms (cf. [1] ).
Discrete ordinates and the SD method.
To construct the combined discrete-ordinates/SD scheme for the problem (2.16)-(2.19), we first focus on the velocity discretization and approximate the integral appearing in the collision term (2.18) using the certain quadrature rule. To this end, we write the numerical quadrature to be used in the form (3.1)
where ω v are positive weights such that v ∈Δ ω v ≡ 1, and Δ is a discrete set of nodes defined below. Using the polar coordinate v = (c cos θ, c sin θ) with c = |v | in the quadrature rule above, we have that The number of quadrature points in Δ is then n = M N . Our error analysis for the discrete-ordinates method works for the general quadrature rule for (2.22). For a quadrature rule of the form (3.1), which is exact for polynomials of degree ≤ m, one can prove that (see [2] )
Note that α, the maximal available regularity of F , can be noninteger. Then the optimal error estimates would require applying embedding techniques from the interpolation spaces.
The collision operator C in (2.18) can be approximated by the discretized operator C given by
Using the quadrature rule (3.5), we may discretize (2.16) in the velocity space to get
is the inflow boundary with v ij defined as in (3.3). The equation system (3.6) is a first-order hyperbolic problem in the spatial domain, which will be further discretized by the SD method. We write g := {g ij } i,j or simply g := {g ij } and define the subspace W by
For f , g ∈ W , we define the scalar product
Recalling the definition of the operatorĈ, we find that for any two distribution functions f and g ∈ W ,
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Now, by the Cauchy-Schwarz inequality and the fact that i,j ω ij ≤ 1, we find that
The relation (3.10) may be referred as the nonpositivity property of the discrete collision operator. Hence, (3.9) and (3.10) indicate that the discrete collision operator C is both symmetric and nonpositive. Let nowΠ be the orthogonal projection onto the complement of the kernel of the discrete collision operatorĈ; then we have
Using the definition of ·, · and (3.11), by applying the Cauchy-Schwarz inequality, we see that the operatorĈ is bounded in the space W ; indeed, for all f , g ∈ W we have
In order to apply the finite element procedure we need to introduce a weak formulation for (3.6) by simply multiplying the equation by a test function g, in a certain suitable function space, and integrating over the spatial region. To construct the SD finite element method, we start with the standard Galerkin approach and modify the weak formulation, using test functions consisting of the sum of a test function g (used in the standard Galerkin method) and an extra term of the form γ(v · ∇g), i.e., a convective term in the direction of the streamlines. It is the scalar product of this additional term, in the test function, with the conversion term in the equation itself that results to an artificial diffusion (hence, the name of the method streamline diffusion). In this way we employ different test and trial function spaces, which in the discrete version both will have the same finite dimension. Then, for (3.6), we define continuous variational formulation as follows: find
where γ ij is a positive parameter which, for the hyperbolic problems usually, is of the order of the mesh size. Multiplying by quadrature weights and summing over the quadrature set, the semidiscrete method, for the velocity discretization, (3.13) can be written as (3.14)
As for the spatial discretization we let C h = {K} be a finite element subdivision of Ω into the elements K with the mesh parameter h = diam K. Further, let P k (K) be the set of polynomials of degree at most k on K in x and define the finite element space of continuous piecewise polynomials, viz.,
We also define the finite element space associated to the semidiscrete scheme by
and introduce the corresponding bilinear form defined for all
Now the objective is to solve the following fully discrete variational problem: find
where L is the linear form defined by the right-hand side of (3.14):
For the method (3.18), we derive stability (coercivity) estimates and error bounds in the following triple norm |||·|||, defined over V h :
HereΠ is the orthogonal projection onto the complement of the kernel of collision operator in V h as defined in (3.11) . From (3.10), since the space V h is finite dimensional, we may state that there exists a positive constantλ 0 such that
Below we shall show that the bilinear form B is coercive. Lemma 3.1. Assume that the SD parameter γ ij satisfies
then there exists a constant α > 0, depending onλ 0 , such that
Using Green's formula and the zero inflow boundary condition we get
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Further, by (3.21) we have
and using (3.12) yields
Hence, we deduce that
Choosing γ ij as in (3.22), the relations (3.24)-(3.28) yield the desired result.
In what follows, we shall use the following interpolation error estimates (see Ciarlet [10] 
The convergence theorem, for the spatial discretization, is now as follows. 
Proof. Using the triangle inequality we have
The definition of the triple norm |||·||| and the interpolation error estimates (3.29)-(3.31) yield 
Integrating by parts and using the fact that div v ≡ 0, by the Cauchy-Schwarz inequality we obtain
Similarly, to bound the second term in (3.37), we have using (3.12), the CauchySchwarz inequality, and (3.9) that
Combining the estimates (3.37)-(3.40) and using (3.33) we end up with
Using (3.29)-(3.31), a kick-back argument, and (3.33), we deduce that
Inserting the inequalities (3.36) and (3.42) into (3.35) we obtain the desired result.
To proceed for fully discrete error estimates we invoke the contribution from the quadrature error. In this approach we decompose the global error as
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Then, by the triangle inequality,
We now need to bound the term |||{f ij } − {f (v ij , ·)}||| which is related to the quadrature formula (3.1). To this end, we consider (2.16) with v = v ij and subtract the result from (3.6) to obtain
where
Using the scalar product introduced in (2.6), and multiplying (3.45) by {γ ij (v ij · ∇χ ij )}, we get that
Now the Cauchy-Schwarz inequality, combined with (3.12) and (3.33), yields
Similarly, taking the inner product of (3.45) with {χ ij }, applying the Green's theorem, and using the boundary condition in (3.45) we obtain
By a further use of the Cauchy-Schwarz inequality and (3.21) we deduce that
where Z = max i,j χ ij Ω . It remains to bound the term ρ Ω . To this end the quadrature error (3.4), applied to ρ, gives
and then square integration over Ω yields
Finally, combining the estimates (3.48), (3.50), and (3.52) we get
Based on these estimates and the spatial discretization error derived in Theorem 3.1, now we formulate the fully discrete error estimate as the main result of this paper. 
Proof. Using the triangle inequality (3.44), Theorem 3.2 and the estimate (3.53) yield the desired result.
Remark 3.4. Here are some features of the problem (2.16)-(2.19): lack of an absorption term in (2.16) yields to stability with no explicit L 2 -norm control. Actually we obtain the L 2 -norm stability of orthogonal projection onto the complement of the kernel of the discrete collision operator. By some transformation (an exponential variable substitution), we may obtain an equation having an absorption term, and then the kernel of the integral operator will be changed. We may also consider some properties of the operator
is an isomorphism (see, e.g., [11] and the references therein) and we have that
for some constant α > 0. Note that in all the above estimates the seminorm (L 2 -norm of partial derivatives) appears with a coefficient of order O( √ h). Combining this and Theorem 3.3, the coefficients γ ij will appear in the L 2 -norm estimates as well. Therefore, in implementations, one should expect to get an actual rate of convergence of order
2 ), i.e., a rate reduced by the order of h 1/2 , compared to the theory. Based on this phenomena, we may remove the last term in (3.54) and improve the error estimate. As a result of Theorem 3.3 and Remark 3.4, we may obtain an order of convergence for the mass flow rate G introduced by (2.21).
Corollary 3.5. Assume that G is the mass flow rate defined by (2.21) , and its approximation G h is given by
Then we have
By the triangle inequality we may write
Applying the quadrature error (3.4), for the first term in (3.58) we get
In addition, using Hölder inequality, for the second term in (3.58) we obtain
Now, by Theorem 3.3 and Remark 3.4, we deduce that
Then inserting (3.60) and (3.62) into (3.58), and using the regularity assumption on f , we obtain the desired result.
Numerical investigations.
To justify the theoretical results, in this section we compute the mass flow rates in the wide range of rarefaction parameter δ for rectangular, triangular, and circular cross sections. The results are compared with those in the literature [16] , [17] , [20] , [21] . We also investigate the performance of the proposed scheme on numerical convergence order in the norm |||·||| defined by (3.20) . For problem (2.16), and considering circular, rectangular, and triangular cross sections, Tables 1-3 show the results of performance of the combined scheme in computing the flow rate G introduced in (2.21). Tables 4-6 concern justification of the optimal spatial convergence rate for the continuous piecewise linear approximation (k = 1,
) for Example 4.1 considered in the square domain. Below we describe the details of the computational procedure: we have used piecewise linear polynomials with the mesh size h = 0.07, combined with the quadrature formula with M = 15 and N = 15, i.e., 225 ordinates, to dicretize the problem (2.16). Since −Ĉ is a symmetric positive semidefinite operator, the parameterλ 0 in (3.33) may be approximated by the Rayleigh quotient from (3.21),
and thus by choosing
, where ω ij are the weights in the quadrature formula (3.1). We choose γ 0 of the SD parameter, γ = γ 0 h, to be equals to 0.01 for δ ≤ 5, and 0.001 for δ > 5, subject to the constraint (3.33). In general, rarefaction enhances the diffusivity nature and hence, moderately larger values for δ would need only smaller SD modification, i.e., smaller γ and γ 0 . For δ < 10 the resulting linear algebraic system of equations is solved using a successive overrelaxation solver and the stopping criterion on the convergence of the iterative procedure is set equal to 10 −12 . Since for δ 1 the convergence of the iteration method slows down, for this case we have employed the direct method in solving the discretized systems. In Table 1 we present the results of calculating the flow rate G in rectangular channels and compare these results with the corresponding Table 1 Reduced flow rate G in rectangular channels versus rarefaction parameter δ and aspect ratio a/b. Table 2 Reduced flow rate G in elliptical channels versus rarefaction parameter δ and aspect ratio a/b. data from [17] and [18] for different aspect ratios a/b, where 2a is the maximum tube length in the x direction and 2b is the maximum tube length in the y direction. In Table 2 the computed results for the circular and elliptical cross sections are presented. These results are generally in good (within 1%) agreement with the published results in [12] and [16] over the entire δ range. Some exceptions appear for the cases δ 1 and δ 1, where the difference between the results is slightly larger than 1%. This is due to the presence of δ in approximation error formula (3.54). We may use the higher-order quadrature rule and a finer mesh parameter in the physical domain for the cases of δ 1 and δ 1, respectively. Table 3 is for flows in triangular channels. The computed results are compared with those in [20] , which are only presented for the δ-values up to δ = 50. These results are demonstrated through some plots, where in Figure 1 the velocity distributions in a rectangular channel are plotted for different values of the rarefaction parameter δ = 0.01, 0.1, 1, and 10. In Figures 2 and 4 , the u level sets in a circular and an equilateral triangular channel are plotted for different values of γ 0 and for the rarefaction parameters δ = 0.1 and δ = 1, respectively. One may see the smoothing effects of the SD parameter on corresponding figures. In Figure 3 we also present the velocity level sets for a right-angle triangular cross section and for different values of δ.
We now present a numerical example for solving the boundary value problem (2.16) and illustrate the performance of the proposed method on numerical convergence. Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. This example is particularly designed so that the c dependence present in S is canceled out and the exact solution f becomes independent of c given by
With such a choice, reducing the velocity discretization to an angular quadrature, we may focus on the study of the spatial discretization. To compute the spatial errors, we will use the standard strategy considering higher-order approximations in the quadrature rule (3.1), now only angular, and then compute the convergence order of the space discretization. In Tables 4 and 5 and Figure 5 , we show these convergence results in the L 2 -norm, as well as the |||·|||-norm defined by (3.20) . We also present the error of the mass flow rate G, defined by (2.21), in Table 6 Tables 4-6 ) values for the parameter γ 0 , are, respectively, 0.00681873, 0.006722791, 0.006416259, 0.009199408, and 0.033521166, and those for |||u−u h ||| are, respectively, 0.007871414, 0.007699679, 0.007173271, 0.010485591, and 0.037295534. Thus, in this example, the errors in the numerical solution are mainly due to the spatial discretization and are of the order of optimal convergence rate, O(h 3/2 ), for piecewise linears. We have varied γ 0 in the SD parameter γ = γ 0 h in (3.33) to check the influence of the stabilization parameter on the fully discrete solution. In Table 4 we see that increasing γ 0 further, the L 2 error increases due to smearing. 
Conclusion.
The fully developed flow of a rarefied gas in a channel with arbitrary cross section, due to an imposed pressure gradient, can be described by a BGK model. This paper concerns stability and convergence of a fully discrete scheme approximating the solution of a linear BGK equation. The approximation is based on a discrete-ordinates method for the velocity variable combined with the SD finite element method in the spatial domain. We derive optimal convergence rates due to the maximal available regularity of the exact solution, O(h k+1/2 ), for piecewise continuous polynomial approximation of spectral order k and with the exact solution f in the Sobolev space H k+1 (Ω). The compatibility relation between the two discretization methods, with m ∼ n = N M quadrature points in velocity and the spatial finite element mesh size h, reads as O(δ 1/2 h k+1/2 ) ∼ O m −α + δ 1/2 m −α/2 , α ≈ k + 1, and δ is the rarefaction parameter. In the numerical investigations, results for the velocity profiles and the flow rate have been provided for various geometries for the flow channel with the rectangular, circular, and triangular cross sections, in the whole range of rarefaction parameter δ. The convergence rates in both the L 2 -and the triple norm, |||·|||, are justified for a generic example in a square spatial domain.
In contrast to the previously published results, the solution herein is extended easily into the transitional near continuum regime δ 1, e.g., for conventional finitedifference methods applied to the kinetic equation in the polar coordinate system, due to stability issues, the results been presented have only up to a rarefaction parameter δ = 50. In addition, it seems that the present scheme can be used to solve other physically relevant models derived from the Boltzmann equation.
